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Abstract 



We consider the Hamiltonian of the closed SU(2) q invariant chain. We project a 
particular class of statistical models belonging to the unitary minimal series. A 
particular model corresponds to a particular value of the coupling constant. The 
operator content is derived. This class of models has charge-dependent boundary 
conditions. In simple cases (Ising, 3-state Potts) corresponding Hamiltonians are 
constructed. These are non-local as the original spin chain. 
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1. Introduction 



Quantum groups together with the Temperly-Lieb algebra play a particular role 
in integrable spin chains [1]. On the other hand, it may be interesting to study 
particular Hamiltonians which are invariant to the quantum group [1,2,3,4,5]. The 
quantum group invariant Hamiltonian for the closed spin chain was constructed by 
Martin [6]. This model was independently investigated in [7] and [8]. It was shown 
that the properties of the ground state were such that for special values of the 
coupling constant, conformal anomalies of minimal unitary theories were obtained. 
In addition, this Hamiltonian implied boundary conditions which depended on the 
coupling constant (or quantum group parameter q) and quantum numbers of the 
sector. This second property made this Hamiltonian different from the XXZ chain 
with the toroidal boundary condition where the twist was common to all sectors of a 
given Hamiltonian [9,10,11]. In this paper we want to proceed with this investigation 
and show that it is possible to project from the closed quantum chain partition 
functions of statistical models corresponding to minimal unitary theories. In the 
finite-size scaling limit, we obtain the spectra and the operator content of these 
theories. For finite chains, the spectra of these models can be related to the starting 
quantum chain. Like the original XXZ chain, the projected systems also have sector- 
dependent boundary conditions. In our derivation we shall try to exploit the theory 
of representations of quantum groups [1,13,14] and the division of all states in "good" 
and "bad". Keeping only "good" states will lead us to unitary theories. 

2. Statistical systems and the quantum chain 

We start with the Hamiltonian for the closed SU(2) q invariant chain [5,7] 
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We choose the quantum group parameter q to be on the unit circle 



q = e itp (5) 

q + q" 1 

= COS(/9=— cos 7 . 

The Hamiltonian is invariant to generators of the quantum group 
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s 3 = ^E-f (6) 
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The operator G plays the role of the translation operator 

GRiG 1 = Ri+i Rl — Ro i — 1, • • • , L — 1 (7) 

and also commutes with the Hamiltonian. We shall be interested in the cases in 
which the quantum group parameter is a root of unity: 

q n = ±l . (8) 

We shall first study the generic irrational case. In this case, one can decompose 
the space of states into the direct sum of irreducible representations of the quantum 
group which are in one-to-one correspondence with the usual SU(2) representations. 
It is therefore sufficient to treat the highest weight states. All other states can be 
obtained with the action of the S~ operator. We derived the Bethe Ansatz (BA) 
equation in [7]. In this reference the energy eigenvalues are given by 

m ^ 
E = 2E(cosy? - cos M=--Q. (9) 

i=i 2 

Here Q is the eigenvalue of S 3 and h L satisfy the BA constraints 

M 

Lki = 2ixh + 2y?(Q + 1) - £ 9(1*, h^f (10) 



where Jj are integers (half-integers) if M is odd (even), and Q(k i: kj) is the usual 
two-particle phase defined in [7]. 

It is important to notice that the BA functions ^m(^i, • • • satisfy non- 
trivial boundary conditions: 

^ M (n 2 , • • • , n M , ni + L) = e^ M (ni, n M ) (11) 

where the numbers rii denote the positions of down spins and 

(f) = 2<p(Q + l) . (12) 

This means that quantum invariance implies a non-trivial boundary condition. This 
boundary condition has two properties. It depends on the coupling constant 

7 = ii — ip (13) 

and on the sector defined by the charge Q. 

Owing to the antisymmetry of phase shifts, from (10) it follows that 

E^ = fEH^(9 + i) • (W) 

1=1 1=1 

This allows us to determine the eigenvalues of the translation operator G or equiv- 
alently of the operator P 

P = i\nG . (15) 

In fact, 
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It was also shown in [7] that the finite-size correction to the thermodynamic 
limit of the ground-state energy was given by (L even) 

E (L) = E (oo)-^f + o(^) (17) 
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The conformal anomaly c was found to be 



c=l-to£ (19) 
for <f e [f , 7r]. We are particularly interested in the values 

7T777 

y> = — — m = 3,4,... . (20) 
m + 1 

because they give the conformal anomalies of the minimal unitary models: 

c=l-—^— m = 3,4,... (21) 
m[m + 1) 



Now we define scaled gaps 



E n = ^(E n -E ) (22) 

Pn = ^(Pn-Po + ^Q) ■ (23) 

We introduce the partition function in some sector Q > : 

F Q (Z,Z,L)= £ z h^+P n )^{E n -P n ) (24) 
aii states 

One can also introduce the partition function JCq(z,z,L) for the highest-weight 
states in the generic case with 

Kq{ Z ,Z,L)= Z h(^+P n )-l(E n -P n ) (25) 

highest 
weight states 

The function ICq can also be expresed as 



]C Q (z, z, L) = T Q {z, z, L) - pQ+iiz, z,L) < Q < — 

4 



(26) 



This relation can be inverted into 

T Q {z,z,L) = Y J K j {z,z,L) . (27) 
j=Q 

The partition function for the particular case (8), when q is a root of unity, can 
be obtained by continuity from the generic case. It is known [1] that, in this case, 
some representations will mix in higher dimensional representations ("bad" repre- 
sentations) which will contain subrepresentations of zero norm. There will however 
still exist representations isomorphic to the usual SU (2) representations with a non- 
vanishing norm ("good" representations). We can therefore expect that the "good" 
sector will lead us to interesting physical models. We therefore need an expression 
for the partition function Vq(z,z,L) for the highest-weight states from the "good" 
sectorfj]. This formula was derived by Pasquier and Saleur (relation (2.9) in [1]) in 
the context of the open quantum chain. However, their arguments are based purely 
on group- theoretical grounds and can also be repeated here with the same result. 
Thus, 

Vq(z,z,L) = ^2(K.Q +nr (z,z,L) - /C n _i_Q +nr (z,z, L)) 0<Q<hn-l) 

r>0 1 

= ^2^Q+nr{.Z,Z } L) - J2£-Q-l+nr(z,Z,L) (28) 
r>0 r>0 

where from (8) and (20) it follows that n — m + 1. For later convenience, we 
transform this formula into another form. We denote the generating function of 
lowest weight states by JCj for j < 0. Owing to the symmetries of the Hamiltonian 
we have 

K.j(z,z,L)—JC-j(z,z,L) . (29) 

Then (28) can be written as 

V Q (Z,Z,L) =J2^Q+nr(z,Z,L) -J2^Q+l+nr(z,Z,L) . (30) 
r>0 r<0 

*These states can also be characterised (relation (1.19) in [1]) by the condition that they belong 
to the kernel of S + and do not belong to the image of (S + ) n ~ 1 . 
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Analogously to (26), we can express K-\j\(z, z, L) as 



lC-\j\(z,z,L) = F_\j\(z,z,L) 



F-\i\-i{z,z,L) . 



(31) 



Using (26) and (31) in (30) we obtain 



V Q (Z, Z,L) = Y^ (^Q+nr(z, Z, L) 



r>0 



^2 ("^ Q+l+nr{z, Z, L) 



^Q+nr{z , Z , L)) . 



(32) 



It is convenient to introduce the notation 



Gq(z, Z, L) = FQ+nr(z, Z, L) . 



(33) 



With this notation, the generating function for the "good" sector can be written as 



We shall see that Vq(z,z,L) will define the spectrum of a statistical model with 
non-trivial boundary conditions (sector-dependent). The spectrum of this model is 
related to the spectrum of our starting quantum chain with the help of (34). The 
same relation is true in the finite-size scaling limit. In this case, however, we shall be 
able to determine explicit formulae for the operator content of the resulting model. 

3. Quantum chain and the XXZ chain with a toroidal bound- 
ary condition 

Boundary conditions of the quantum chain are sector dependent ((11), (12)). One 
can raise the natural question how the spectrum of the quantum chain is related 
to the chains with toroidal boundary conditions. As indicated previously, we are 
particularly interested in the "good" part of the spectrum of the quantum chain. 
It will turn out that the answer to the above question will enable us to use the 
results of [10,11] on toroidal models. They will provide us with necessary arguments 
to show from the relation (34) the results anticipated at the end of the preceding 
section. 



V Q (z, z, L) = Q Q (z, z, L) - Gq+i{z, z, L) 



(34) 
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We remind the reader of the results for the toroidal case [10,11]. The Hamil- 
tonian is defined by 



H(q, 0) = - E {^r+i + o-at, + } (35) 



1 + 1 1 / Q e\ 
= cosy? = — cos 7 (36) 

and 

oi+i=e*+ot 0€(-7r,7r] . (37) 
This Hamiltonian commutes with 

S' = jro* (38) 
1=1 

and with the translation operator 

T = e -^ /2 PiP 2 • • • Pl-i (39) 
where P iy i = 1, . . . , L — 1 are permutation operators 

Pi = °t°7+i + <rr<r?+i + \ (°!<>i + i + l) ■ ( 4 0) 
The momentum operator is then 

P = i\nT . (41) 
The BA constraints for this system are [9] 

M 

Lk i = 2nI i + <f)-J2®(h,k j ) i = l,...,M (42) 

3=1 

and give 

L M 

E = — — cosy? + 2 E( cos V 9 ~~ cos h) (43) 
2 i=i 

M M if 

i=l ^ i=\ L 



We define 

= 2tt/ , -!</<!. (45) 

The finite-size scaling limit of this system is described by the c = 1 conformal field 
theory of the compactified free-boson system with the compactification radius 

R 2 = 8h (46) 

where 

h = An 1 / S ( 47 ) 
4(1 - 7 /tt) 

and h>\. 

Let us denote by E 1 q.-{L) and Pq.j(L) the eigenvalues of H and P in the sector 
S z = Q with a boundary condition defined by <fi = 2nl. Then, following references 
[10,11], we can write the expression for the finite-size scaling function of H 1 q : 



( L 

v Q+L/2 



lim V z^ E Q^ +p Q^ L ^z l 2( E Q;A L )- p Q ;A L )) (48) 

'j— »oo r - ^ 



[Q+4h(i+^)] 2 [Q-4h(i+^)] 2 °° 
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2 16ft z i6h ||(l-2; n ) ^l-z") 
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The symbols E 1 q. -{L) and P 1 q.-{L) denote the scaled gaps 



E l Q -/L) = ±{E l Q ,{L) - E%{L)) 



It was shown [10,11] that it was possible to project theories with c < 1 by choosing 
a new ground state with energy E 1 q.^ {L). The number jo > 1 was chosen in such 
a way that the new ground state gave the contribution (^^('o+^o) 2 j n ^he partition 
function (48). The quantity (Z + ^o) is related to h by the condition 

6 

c = 1 - — — = 1 - 24h(l + u Q f (49) 

m(m + 1) 
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where — \ < l < \ and u E Z. From (49) it follows that 

l Q + u = [Ahm(m + . (50) 

Now new scaled gaps can be defined as 

The corresponding finite-size scaling partition function is 

J%(z,z) = \im F*(z,z,L) 



( L ) 

= lim Y ^3(^q«W+^q«W)^(^q«W-^q«W) (51) 

The relation (49) gives c as a function of two independent real parameters, h and 
l + vq. According to [10], two classes of c < 1 models can be defined imposing the 
relation 

1 M 

They are called R models if M > (R = M) and L models if M < (L = —M). 
From (49) and (52) it follows that 

TlTfi 

ip = — — R models (53) 

= -^—5 L models . (54) 

Our goal is to evaluate (34) extracted from the quantum chain. By equating (19) 
and (21) we obtain the following equation: 

6(tt- y?) 2 6 
c = 1 = 1 — 



7T(/? m(m + 1) 



The only solution of this equation for which (47) holds is given by 



Thus, for our purpose, it is sufficient to take R—l models for which (53) and (55) 
will coincide. In this case, 

l + u = — — (56) 
m + I 

and the function Tq{z,~z,V) has the periodicity properties 

F k (z,z,L)=F k±n (z,z,L) (57) 
where the integer n is given by 

n = m+ 1 . (58) 

Consider the function Qq(z,z,L) 

Q k Q (z,z,L) = J2^ +un (z,z,L) (59) 

which satisfies 

g k Q±n (z,z,L) = g k Q ±n (z, z ,L) = g k Q (z,z,L) = g:z k Q (z,z,L) . (eo) 

From (48), (49) and (59) one obtains [10,11] 

V k Q (z,z) = g k Q (z,z)-g^z,z) 

m—l 

= Xr,k-Q(z) Xr,k+Q(z) (61) 

r=l 

where 

l<k<m, \Q\ <min{fc-l,m-fc} . (62) 

The symbols Xr,s denote the character functions of irreducible representations of the 
Virasoro algebra with highest weights A r s given by 

[(m+l)r-ms] 2 - 1 
A - = 4m(m+l) • (63) 

The functions Tq are partition functions of the toroidal chain with the boundary 
condition 

k k 

(f) = 2ir- = 2vr in the sector S z = Q . (64) 

n m+1 
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On the other hand, we have seen that the quantum chain has boundary conditions 
given by 

in 

<p = 2y?(Q + 1) = 2tt -(Q + l) (mod27r). (65) 

TYlr ~\~ X 



Comparing (64) with (65), one obtains 

k = —{Q + 1) (mod n) = m — Q (mod n) . (66) 

The highest-weight states for the quantum chain in the sector of charge Q satisfy 
the same BA equations as the toroidal Hamiltonian with the boundary condition 
(65). As a consequence, the energy and momenta of the states are simply related 
(as follows by comparing (9) with (43), and (16) with (44)) by 

E = E (toroidal) + ^ cos <p (67) 
P = P(toroidal) - ip (q - 1 + ^ . (68) 

Using (66) and (61) we obtain 

V™- Q (z,z) = V Q (Q+1 \z,z) = g Q (Q+1) (z,z) - G% +1) (z,z) . (69) 
However, the relation (34) for the quantum chain, after using the symmetry property 

g Q (z,z) = g. Q (z,z) (70) 

has the same form as (69). Indeed, we know from [1] that formula (69) for the 
toroidal Hamiltonian projects states which are in the kernel of S + and not in the 
image of (S' + ) n_1 . However, that was also the case with the relation (34). In fact, 
the left sides of these two relations are both "good" highest-weight states with the 
same charge and the same boundary condition and satisfy the same BA equations. 
Adding the usual assumption that all "good" highest-weight states are given by BA 
states, we conclude that the left sides of (34) and (69) are equal. In other words, 

V Q (z,z,L)=V™- Q (z,z,L) . (71) 
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4. Unitary minimal models and the quantum chain 



One result of the preceding section is the relation (71) which in combination with 
(61) leads to 



m— 1 



V C){ Z , Z ) = r lim V q{ Z , Z i L ) = Xr,rn-2Q(z) Xr,m( z ) (72) 

r=l 

771 

< Q < - • (73) 

The right-hand side of (72) has the form of partition functions of physical systems 
[15,16] where Xr,s are denoted character functions of highest-weight representations 
of the Virasoro algebra. The quantum parameter <p determines m: 

m + 1 

Accordingly, the construction (72) gives the partition function of a system which 
consists of a "good" subset of states of the original quantum chain; this system has 
the conformal anomaly 

c = l-—^—- m = 3,4,... (75) 
m(m + 1) 

and the operator content can be read from (72) with the help of formula (63). Owing 
to (75) this system belongs to the unitary series. 

We present some simple examples. 
4..1 m = 3 

From (73) it follows that Q = 0, 1. 

2 2 

V (Z,Z) = ^2XrA Z )XrA Z ) = ^2( A r,3, ^r,s) 
r=l r=l 

= (0,0) + (1/2, 1/2) (76) 

2 2 

Vl&z) = J2Xr,l{ Z )Xr,3{ Z ) =J2( A r,l,K, 3 ) 
r=l r=l 

= (1/2,0) + (0,1/2) . (77) 
12 



We have used the usual notation 



Xr,s( Z ) X P ,t( z ) = ( A r,s, Ap jt ) . (78) 

These functions can be identified with the partition functions for given sectors of 
the Ising chain. In fact, consider the Hamiltonian 

i L/2 

^-oE(^ + W (79) 
with the boundary conditions 

<d+i = (-i)**! 1 9 = 0,1 . 

This Hamiltonian commutes with the operator E 

S = a? • • • ai /2 • (80) 

We use T| to denote the partition function for the boundary condition defined by 
q and the eigenvalue (— l) q of E. Their conformal content was obtained in [17]. By 
comparison, 

V = T ° 

= Tl . (81) 

Thus we see that, e.g., Tq and are not contained in this construction. It would 
be interesting to construct a Hamiltonian containing just these sectors. In fact, this 
is a non-local Hamiltonian already discussed in [7,11] which we mention here for 
completeness: 



H = - 



L/2 



a 



L/2 



(82) 



4. .2 m = 4 

Again, Q = 0, 1. 

3 

D = £(A r , 4 ,A r , 4 ) 

r=l 
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= (0,0) + (7/16, 7/16) + (3/2, 3/2) 

3 

V 1 = ]T(A ri2 ,A ri4 ) 

r = l 

= (3/5,0) + (3/80, 7/16) + (1/10, 3/2) . 

4. .3 m = 5 

g = o,i,2 

4 

Do = ^(A ri5 ,A r , 5 ) 

r=l 

= (0,0) + (2/5, 2/5) + (7/5, 7/5) + (3, 3) 

4 

I?! = ^(A r , 3 ,A ri5 ) 

r=l 

= (1/15, 2/5) + (2/3,0) + (1/15, 7/5) + (2/3, 3) (83) 

4 

T? 2 = ^(A ril ,A r , 5 ) 

r=l 

= (3,0) + (7/5, 2/5) + (2/5, 7/5) + (0,3) . 

These are partition functions of the 3-state Potts model whose Hamiltonian is given 
by 



H = 



3a/3 7=1 



N 

E fa + *J + r,-r} +1 + r}r i+1 ) 





( 1 


o ^ 




1 





1\ 


a = 


uo 





r = 


i 
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^ ) 




lo 


1 


0/ 



2m 

u = e s 



34) 



(85) 



We introduce the partition functions T| corresponding to the boundary condition 

rV+^cuTx g = 0,l,2 (86) 
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and the sector q of the charge operator 



M — <7i • • -(7jv • 



(87) 



Then, comparing (83) with the decomposition (2.37a) of [10], we obtain 



T 



i0 

o,+ 



i2 _ rpl 
I — 1 2 



(88) 



V 2 



.0 



o- • 



The functions T> and V 2 have the same boundary condition and the charge Q, and 
the notation +, — distinguishes between two one-dimensional representations of S3 
(see, e.g. [10]). All other partition functions are forbidden in our model. In fact the 
Hamiltonian for this case can be constructed as 



where N = L/2. As expected, it is again non-local and implies sector-dependent 
boundary conditions. We note that by making the replacement M — > M' in (89), 
and after an obvious adjustment of multiplicative and additive constants, we obtain 
the Hamiltonian from [7]. These two Hamiltonians have the same energy spectrum, 
but the momenta of opposite sign and thus a different operator content. 

Thus starting with the closed quantum chain, we have obtained the finite-size 
scaling limit of the partition functions for definite statistical systems. The corre- 
sponding operator content can be read from the relation (72) given the deformation 
parameter q of the original quantum chain. For finite chains, the explicit character 
formula is not available. However, in that case, we are still in a position to relate 
the spectra of the two theories through the relation (23): 



This relation for partition functions implies that the spectrum of our statistical 
system is contained in the quantum chain and can be obtained from (90). We 
remind that 





(89) 



V Q (z, z, L) = g Q (z, z, L) - G Q+1 (z, z, L) . 



(90) 



G Q (Z, Z,L) = Y^ FQ+rn{z, Z, L) 



(91) 
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Table 1: Scaled energy gaps defined by (22) for the quantum chain with 4 sites, 
m = 3, n = 4. The levels which are underlined correspond to the Ising model (82) 
with 2 sites 



Go 


Qi 


Q2 


0.000000 






0.450f58 


0.450f58 




0.450f58 


0.450f58 




0.9003f6 






f. 086778 


f. 086778 


1. 086778 


f. 086778 


f. 086778 


f. 086778 



where J-q{z, z, L) is the partition function of the original system defined by (24). 

For illustration, we present energies of the quantum chain with four sites for 
m = 3, n = 4. The construction (90) then gives us energies for the projected 
statistical system. This system was previously identified as the Ising chain with 
two sites and with the boundary conditions dependent on the sector and defined in 
(81). The set of energies of the projected system is a subset of the set of energies 
of the original system and are underlined in table 1. These energies are indeed also 
energies of the Ising chain (82), as can be checked numerically. Our numbers are a 
subset of numbers in table 3 in [10] for chains with toroidal boundary conditions. 
We have to expect this since we have shown that the spectrum of the quantum chain 
is contained in the union of spectra of toroidal Hamiltonians. 

In table 2 we have illustrated some features for the m = 5, n = 6 case of the 
3-state Potts model with two sites and sector-dependent boundary conditions. We 
remark that in both cases the allowed boundary conditions are those permitted by 
the symmetry on duality transformations [18]. 

if* = H q 

11 q ±J -q 

We shall consider this point elsewhere. 
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Table 2: Scaled energy gaps defined by (22) for the quantum chain with 4 sites, 
m = 5, n = 6. The levels which are underlined correspond to the 3-state Potts 
model (89) with 2 sites 



Go Gi G2 



0.000000 




0.4244f3 


0.424413 


0.579759 


0.579759 


0.848826 




1.004172 


1.004172 


1.159518 


1.159518 1.159518 



5. Conclusion 

We have treated the closed quantum invariant chain for the quantum parameter 
q = e lLp , ip = JE ^-, m — 3, 4, . . . . This model has the conformal anomaly [7] 



m(m + 1) 

The Hamiltonian also has the property that it implies sector-dependent boundary 
conditions. We have shown that from the partition function of this theory we can 
construct partition functions of well-defined statistical systems. In particular, the 
spectra of these are subsets of the spectrum of the quantum chain and can be 
obtained using (34). These formulae have been obtained using the theory of repre- 
sentations of quantum groups and keeping the "good" states and omitting the "bad" 
states. 

We have shown how our construction is related to the well-known projection 
mechanism of statistical models from Hamiltonians with toroidal boundary condi- 
tions. 

Finally, using this relation we have been able to obtain partition functions in 
the finite-size scaling limit. This has enabled us to find the operator content of the 
systems constructed from the quantum chain. These systems belong to the family of 
unitary minimal models. These properties have been illustrated in a few particular 

cases (m = 3, 4, 5). 
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